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SO. INTRODUCTION 
0.1 The Problem 
F. SEVERI, in his work on the classification of algebraic curves in projective 3-space [33], 
proposed a postulate, that every singular curve could be regarded as a limiting case of a 
family of non-singular curves of the same degree and the same arithmetic genus. In modern 
language, this says that the given curve is the special fibre of a flat family whose general 
member is non-singular. Severi gave a proof of his postulate in some special cases, but it is 
now known to be false in general [24]. 
We can generalize the problem by considering schemes of any dimension in any 
non-singular ambient space. 
Dejnition. Let Y be a closed subscheme of a scheme X which is smooth over an alge- 
braically closed field k. We say that Y is smoothable in X if there exists a connected scheme 
T of finite type over k, of dimension 2 1, and a closed subscheme 9’ c X x T, flat over T, 
and a closed point 0 E T, such that the fibre g,, of g over 0 is Y, and such that for all t E T, 
t # 0, the fibre g’J, is smooth over k(t). 
It is easy to give examples of smoothable schemes. If X is a smooth projective variety 
over k, and if Y is any hyperplane section of X, then Y is smoothable by Bertini’s theorem (at 
least in characteristic 0). More generally, any complete intersection subvariety is smoothable. 
On the other hand, there are non-smoothable singularities. The first example was given by 
Thorn (unpublished). He considered the cone Y in c6 over the Segre embedding of P,’ 
x pc ’ in PCs, and showed that for topological reasons, Y could not even be deformed to a 
topological manifold. 
0.2 Projective Varieties 
Let Y s P6 be the projective closure of Thorn’s example. Then Y is a variety of dimen- 
sion 4 and degree 3 having a single singular point P. An elegant and elementary demon- 
stration of the fact that Y is not smoothable in P6 was given by XXX [37]. He classified all 
varieties of degree 3 in any projective space, and showed that for r 2 4, the only non-singular 
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varieties of dimension r and degree 3 are hypersurfaces. Since our variety Y does not lie in 
any hyperplane of P6, it cannot be smoothable. 
This approach was extended by Swinnerton-Dyer [3S]. who classified all non-singular 
varieties of degree 4 in any projective space. in particular, he shoued that the only non- 
singular varieties of dimension r 2 5 and degree 4 are hypersurfaces and complete inter- 
sections of codimension 2. It follows that the cone Y in Ps over the Segre embedding of 
P’ x P3 in ‘P’ is not smoothable. 
If we consider schemes with nilpotent elements, it is possible to give examples of sub- 
schemes of projective space which do not have a bad singularity anywhere, but which are non- 
smoothable for global reasons. 
Example 0.2.1. Let Y be the subscheme of P3 defined by homogeneous polynomials 
X02 , Xo.Kl, ,K12, .K,, .K2” - X1X3”, where n 2 2. This is a scheme of dimension 1, and degree 2, 
supported by the projective line .K o = x1 = 0. Its arithmetic genus is --n. The only smooth 
curves of degree 2 are the conic, with genus 0, or two skew lines, having arithmetic genus - 1. 
Since the arithmetic genus is constant under flat deformation, Y is not smoothable. 
0.3 Rigid Singularities 
A purely local approach to the smoothing problem is afforded by the notion of a rigid 
singularity. A point P on a scheme Y is rigiri if its local ring has no non-trivial infinitesimal 
deformations in the sense of Schlessinger [29]. Deformation theory allows one to compute 
the Zariski tangent space to the formal moduli space of the singularity. If this is zero, there 
are no deformations. In this way Grauert and Kerner [6], Rim [27], Schlessinger [30] and 
others have given examples of rigid singularities. For example: 
(a) the union of two planes meeting at a point in A4 is rigid; 
(b) certain quotient singularities, including the cone in A6 over the Veronese surface in 
[P’ are rigid; and 
(c) the vertex of the cone over the Segre embedding of ip’ x lF in [Fp*“+‘, for n 2 2, is 
rigid. 
Of course if a variety has a rigid singularity, it cannot be smoothable. 
Recently Schlessinger [3l] has used deformation theory to construct families of isolated 
singularities on varieties of dimension 2 3 which are neither rigid nor smoothable. They are 
cones over certain projective varieties. They have the property that any deformation is again 
a cone, hence they are not smoothable. But the projective varieties in question have non- 
trivial deformations, so their cones do also. Mumford [23] has refined Schlessinger’s method, 
to give examples of normal surface singularities which are neither rigid nor smoothable. 
0.4 Smoothing Theorems 
On the affirmative side of the question, there are variousclasses of singularities which are 
known to be smoothable. We have already mentioned the hypersurfaces and complete 
intersections in any affine or projective space. In addition to these, Schaps [28] and Peskine 
and Szpiro [26] have shown that any Cohen-Macaulay subscheme Y of codimension 2 in 
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A”, for n I 5, is smoothable. In particular, any reduced curve in A3 is smoothable. The idea 
of the proof is first to show that a Cohen-;Macaulay subscheme of codimension 2 in any 
A” is a “ determinantal ” scheme, in other words its ideal is generated by certain determinants 
of a suitable matrix. Then one shows that if n I 5, the generic determinantal scheme is non- 
singular, and the given one is a specialization of it. 
An analogous result in codimension 3 has been proved by Buchsbaum and Eisenbud 
[3]. They show that if Y is a Gorenstein subscheme of codimension 3 in A”, then (at least 
locally) the ideal of Y is generated by the Pfaffians of a certain skew symmetric matrix. 
It follows that if n _< 9, then Y is smoothable. 
When one considers schemes with nilpotent elements, it is natural to begin with schemes 
of dimension zero. One can show that every zero-dimensional subscheme of A2 or 2’ is 
smoothable. On the other hand, there are non-smoothable subschemes of dimension 0 in 
A3 (see Iarrobino [17]). Mumford [24] extended one of Iarrobino’s ideas, to show that there 
are reduced curves which are not smoothable, even locally. 
0.5 Smoothing Cycles 
The problem of smoothing algebraic cycles is this: given a projective non-singular 
variety X, and a cycle Z on X, i.e. Z is a formal linear combination Z = Xni Yi of sub- 
varieties Yi, with integer coefficients, does there exist acyclez’ = Lzi Yi’ rationally equivalent 
to Z, where all the subvarieties Yi’ are nonsingular? Hironaka [lj] and Kleiman [20] have 
given affirmative answers to this problem, provided the dimension of Z is small with respect 
to X, and in certain cases only after replacing Z by a multiple of itself. The question is false 
in general [13]. Although we will not discuss this question here we mention it by way of 
contrast to our problem. 
Thorn [36] gave a negative answer to an analogous topological question by constructing 
a homology class on a real-analytic manifold which could not be represented by a sub- 
manifold. 
0.6 Outline of Results 
In $1 we define the notion of a weakly smoothable singularity. It is like a smoothable 
singularity, except that the special fibre of the flat family is allowed to have some extra 
nilpotent elements. The main result of this section is that for normal varieties, any weak 
smoothing is in fact already a smoothin, m in the strict sense. For non-normal varieties, 
however, the two notions are quite different. 
In $2 we prove our main results, which are Theorems 2.2 and 2.11. These theorems give 
necessary conditions, phrased in terms of certain local invariants of an isolated singular 
point P on a variety Y, for that singularity to be weakly smoothable. In (2.2) we use the 
local algebraic DeRham cohomology of Yat P. In case the ground field is @, this can be 
interpreted in terms of the ordinary (singular) cohomology of a small punctured neighbor- 
hood of P, with complex coefficients. In (2.11) we use the local Picard group of Y at P. 
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To illustrate these theorems, we also give a number of examples of varieties with isolated 
singular points which are not smoothable. 
In $3 we consider the question of smoothing a complex analytic space to a topological 
manifold, and we give a proof of Thorn’s result mentioned above (0.1). The results of this 
section were communicated to me by Dennis Sullivan. 
0.7 Open Questions 
Summing up the results on smoothing sigularities, it seems that the following questions 
remain open : 
0.7.1. Are there any rigid singularities of curves? 
0.7.2. Are there any normal rigid singularities of surfaces? 
0.7.3. Is every reduced irreducible curve in P3 smoothable? 
$1. WEAKLY SMOOTHABLE SIMXLARITIES 
For some of our main results, it is convenient to introduce a weaker notion of smooth- 
ing than the one given above. 
Definition. Let Y be a closed subscheme of a scheme X which is smooth over a field k, 
and let P E Y be a closed point. We say that Y is weakly smoothable (at P) if there is a con- 
nected scheme T of finite type over k, of dimension 2 1, and a closed subscheme Y E X x T, 
flat over T, and a closed point 0 E T, such that qc, - P = Y - P, and the fibre q4/, is smooth 
over k for all t E T, f # 0. 
Clearly a smoothable subscheme is weakly smoothable at any point. The only differ- 
ence is that we allow the fibre Y,, of the family to have an arbitrary embedded component 
at P, independent of the behavior of Y at P. Let us illustrate this concept with some 
examples. 
Example 1. I. The simplest example, which is also typical of the general situation, is 
given by the union Y of two lines in A’, with equation .XY = 0. The standard smoothing of 
this variety is given by ,y_v - t = 0. Thus the two lines are the limiting case of a hyperbola. 
This is a smoothing in the strict sense. But another way one might try to smooth this variety 
is by placing it in A3, where its equation is xy = z = 0, and then pulling the two lines apart 
into two skew lines. One finds that the special fibre of this family has nilpotent elements at 
the origin. Thus it is not a strict smoothing, but it is clearly a weak smoothing. 
Example 1.2. As another example, we show that any reduced curve Y in an affine space 
A” is weakly smoothable. If n = 2, then Y is actually smoothable in the strict sense, so we 
may assume n 2 3. Let P be the normalization of Y. Then we can embed yin a bigger affine 
space A” in such a way that Y is a projection of y. Now Y is a limit of the generic projection 
of Finto A”, and since n 2 3, that generic projection is smooth. Thus Y is weakly smooth- 
able. As in the previous example, this method will usually give rise to some extra nilpotents 
at the singular points of the special fibre. 
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Exampk 1.3. If Y is the union of two planes which meet at a point in A’, then Y is 
weakly smoothable. Indeed, Y is the limit of the union of two skew planes, which is smooth. 
This does not contradict the fact that Y has a rigid singularity (0.3), because when one calcu- 
lates the special fibre of this family, there are some extra nilpotents at the singular point. We 
will see below (2.5) that this singularity, when considered in four-space A’, is not even 
weakly smoothable. 
Thus we see that there are singularities which are weakly smoothable but not strictly 
smoothable. We will now show that for normal varieties. the two notions coincide. The 
question is purely local, so we first introduce the notions of local smoothing and weak local 
smoothing. 
Definition. Let Y = Spec B be the spectrum of a local ring B, and let P be the closed 
point of Y. Let B be a quotient of the regular local ring A. We say that Y is locally smooth- 
able in X= Spec A, if there exists a regular local ring A’, a quotient ring B’ of A’, and an 
element t E A’ such that 
(1) A z A’/tA’; 
(2) t is not a zero-divisor in B’; 
(3) Spec B’ is regular outside the locus t = 0; 
(4) B z B’/tB’. 
We say that Y is weakly locally smoothab/e in X if all the same things hold except that (4) is 
replaced by 
(4’) Y - P z Spec(B’/tB’) - P. 
Clearly if Y is a subscheme of a smooth scheme Y over a field k which is smoothable 
(resp. weakly smoothable) as defined earlier, then taking B to be the local ring of P on Y, 
and taking A to be the local ring of P on X, we obtain a situation which is locally smooth- 
able (resp. weakly locally smoothable) in the new sense. Indeed, we can replace T by a non- 
singular curve by a base extension. Then we need only take A’ to be the local ring of P 
on X x T, B’ to be the local ring of P’on CV/, and t to be a local parameter for the point 0 E T. 
The flatness of qY over Tcorresponds to the condition (2) that t be a non-zero divisor in B’. 
PROPOSITION 1.4. Let Y = Spec B be the spectrum of a reduced local ring B of depth 2 2 
which is a quotient of the regular local ring A. Let A’, B’, t give a weak local smoothing of Y 
as above, and assume that B’ is equidimensional. Then in fact B z B’IIB’, so it is a strict 
smoothing. 
Proof. One can deduce this result from the “Lemma of Hironaka” [14, Lemma 41 or 
[EGA IV, 5.12.81, but we will give an independent proof using local cohomology. Let 
B, = B’/tB’. Then B is a quotient ring of B, , and they differ at most by an embedded com- 
ponent at P, so it will be sufficient to show that B, is reduced. 
We apply the local cohornology functors H,’ (see [SGA 21) to the exact sequence 
O-+B’ f B’ -+ B, + 0 
and obtain a long exact sequence 
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0 - HpO(B’) + HpO(B’) 4 H,O(B,) -+ H,‘(B’) + H,‘(B’) -t H,‘(B,) + . . ‘. 
First note that since B, and B differ at most by an embedded component at P, we have 
H,‘(B,) = H,‘(B), which is zero because B has depth 2 2. Next we use the finiteness theorem 
of Grothendieck [SGA 2, VIII] to deduce that H,‘(B’) has finite length. We must verify the 
hypothesis of that theorem, which is that Spec B’ should have no associated curves passing 
through P. Indeed, Spec B’ is regular where t i: 0, and on the other hand t is a nonzero- 
divisor in B’, so B’ must be reduced. Since dim B’ 2 3, there are no associated curves, so we 
conclude that H,‘(B’) has finite length. Since H,‘(B’) always has finite length, we can now 
count lengths in the above exact sequence of five terms, and we find that H,‘(Bo) must be 
zero. In other bvords, B, is reduced, as required. 
$2. NECESSARY CONDITIONS FOR SMOOTHIXG 
In this section we will prove our main results. In each case \ve find some necessary 
conditions for the local smoothability of a singularity. This enables us to construct many 
examples of non-smoothable singularities. 
We begin by recalling a theorem of Rim. 
THEOREM 2.1 (Rim). Let Y be a reduced scheme ofjinite type oCer afield k, ,bhich is 
smoothable in the strict sense. Then Y is locaii,v analytically connected in codimension I 
(i.e. ifP E Y and dim G p, y 2 2, then Spec 8,. y - P is connected). 
Proof (see Rim [27] and Grothendieck [SGA 2 XIII]). Assume that Y is smoothable, 
and let P E Y be a point with dim 8,, y 2 2. Let B = 8,, y. Then there is a local ring B’ 
and a non-zero-divisor t E B' such that Spec B’ is regular outside of the locus t = 0, and such 
that B’ltB’ 2 B. We first show that depth B’ 2 2. Indeed, t is a non-zero-divisor, and B’/tB’ 
is reduced. Now by [9, Prop. 2.11 depth B’ 2 2 implies that Spec B’ - P is connected. Then 
the local Lefschetz theory of Grothendieck [SGA 2, XIII 2.11 implies that Spec B-P is 
connected. 
If we think of the connectedness of a scheme as a statement about a suitable zero- 
dimensional cohomology group, then it is natural to ask about higher-dimensional coho- 
mology groups. Thus the next result is some sort of generalization of Rim’s theorem. 
In stating this theorem, we will use the notion of algebraic DeRham cohomology, as 
defined in [I I] or [12]. We denote the algebraic DeRham cohomology of a scheme Y with 
supports at a point P by H,‘(Y). 
THEOREM 2.2. Let k be afield of characteristic zero, let Y = Spec B be the spectrrrm of a 
complete local k-algebra of dimension r, with residue field k, hating an isolated singularity 
at its closed point P (i.e. Y - P is formally smooth ocer k), and let Y be embedded in the 
spectrum X = Spec A of a complete regular local k-algebra A of dimension n 2 r f 2. If Y is 
weakly locally smoothable in X, then 
H,‘(Y) = 0 for il2r-nf 1. 
Proof. Assume that Y is weakly locally smoothable, and let A’, B’, t be as in the defini- 
tion. Let X’ = Spec A’, Y’ = Spec B’. Since Y has an isolated singularity at P, it follows 
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that Y’ has an isolated singularity at P. We apply the local algebraic Barth theorem proved 
by Ogus [25, Theorem 3.31 to the pair Y’ in X’, and we find that H,‘( Y’) = 0 for i 5 (r + 1) 
- (n - r) = 21 - n f 1. Now Y is a hyperplane section of Y’, so we apply the local Lefschetz 
theorem [I 1, 4.41 or [12, III 7.51 which says that H,‘(Y) z H,‘( Y’) for i 5 r - 1. Since 
r I n - 2 we can deduce that H,‘(Y) = 0 for i I 2r - n + 1, as required. 
As a complement to the proof, note that we can also apply Ogus’ theorem to the pair 
Yin X. It tells us that inany case H,‘(Y) = 0 for i I 2r - n. Thus the strength of the theorem 
is the case i = 3r - n + 1. Note also that if r = n - 1, then Y is a hypersurface, so it is always 
smoothable, and in that case H,‘(Y) = 0 for i < r by the local Lefschetz theorem. 
COROLLARY 2.3. Let Y be a subcariety of dimension r, hating isolated singularities, of a 
smooth scheme X of dimension n I r + 2 ocer k. If Y is rveakly smoothable in X, then for 
each singular point P E Y, Hpi( Y) = 0 f or i 5 2r - n + 1. In particular, if r 2 n/2, then Y 
is locally analytically irreducible. 
Proof. If Y is weakly smoothable, so is the spectrum of the complete local ring of Y. 
Thus the theorem applies. On the other hand, for any point P E Y, H,‘( Y) = H,‘(Spec 6,, r) 
by the strong excision theorem [12, III, 3.11. If r 2 n/2, then HPo( Y) = H,‘(Y) = 0. This 
implies that Spec EP, r - P is connected, and since P is an isolated singularity, Y must 
be analytically irreducible. 
COROLLARY 2.4. Let Y be an r-dimensional sub-analytic space brith isolated singularities 
of an open set U E C”, with r 5 n - 2. If Y is analytically smoothable, i.e. ifit belongs to afrat 
family of sub-analytic spaces of U whose general member is smooth, then for each singular 
point P E Y, andfor each E > 0 suficiently small, letting B, be a poll,disc of radius E around P, 
we hate 
H’(B,n Y-P,@)= @ if r 2 42 
H’(B, n Y - P, C) = 0 for O<i<2r-n. 
Proof. If Y is analytically smoothable, then the complete local rings are weakly locally 
smoothable, so the theorem applies. The conclusion then follows from the comparison 
theorem for local algebraic DeRham cohomology [12, IV 3.11, and the long exact sequence 
of local cohomology, and the fact that any analytic space is locally contractible. One can 
also give an analytic proof of this result, using Barth’s local analytic theorem [I], and the 
local Lefschetz theorem of LZ [22]. 
Example 2.5. Let Y be the union of two planes meeting at a point. Then Rim’s theorem 
tells us that Y cannot be smoothed in the strict sense, because it is not locally connected. 
On the other hand, we have seen (1.3) that Y can be weakly smoothed in A5. What we 
learn from (2.3) is that Y cannot be weakly smoothed in A'. 
Example 2.6. Let V be an irreducible non-singular subvariety of dimension r in P”, 
and let Y be the affine cone over Vin A"". Then Y has an isolated singularity at its vertex P. 
If Y is weakly smoothable, then by (2.3) we have Hpi( Y) = 0 for i I 2(r -+- 1) - (n + 1) + 1 
= 2r - n f 2. By the comparison of local and global cohomology [ 11, $31 or [ 12, III 3.21, we 
find that the cup-product with the class [ of a hyperplane 
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H’(V) --* H’i’( V) 
must be an isomorphism for i < 2r - n. Thus. beginning with i = - 1, 0, we find that 
H’(V) = 
k for i even 
0 for i odd 1 
for O<iIZr--n+1. 
We give two special cases of the general statement of the previous example. 
Example 2.7. If V is a surface in P* with H’(V) # 0, such as the elliptic ruled surface 
of [lo, p. 4491, or Mumford’s abelian surface [ 161, then the cone Y over V is a 3-fold in A*, 
which is not weakly smoothable. These two examples are interesting because each of them 
has nontrivial deformations. So they are examples of singularities which are neither rigid 
nor smoothable. Schlessinger [31] has constructed some other families of non-rigid, non- 
smoothable singularities. 
Example 2.8. Another application of (2.6) is to the Segre embedding of V = P’ x P’ 
in P’. In this case H’(V) = k @ k, so the cone Y over V is not smoothable. (Since Y is 
normal any weak smoothing would have to be strict, by (1.4).) The same argument applies 
to the Segre embedding of P’ x P’ in pzr+‘, for any r 2 2. 
Example 2.9. We will give examples of strictly smoothable isolated singularities P E Y 
of arbitrary dimension where H,‘(Y) # 0. Thus the small embedding dimension is essential 
for the higher cohomology results of Corollary 2.3. 
Let W be a non-singular variety of dimension r + 1 in Ip”+‘. Let V be its general hyper- 
plane section, and let Y be the cone over V in [P”+l, with vertex P. Now consider the cone 
over Win p”+‘. Its general hyperplane section is W, however, a section through the vertex 
gives Y. Hence there is a flat family whose general member is isomorphic to W, and whose 
special member is Y, perhaps with some extra nilpotents at P. Thus Y is weakly smoothable. 
The special fibre will be reduced if and only if the vertex of the cone over W is normal, hence 
if and only if W is projectively normal. In that case, Y is strictly smoothable. Thus we have 
a large class of weakly smoothable and smoothable singularities. 
On the other hand, if dim W 2 3 and H’(W) # 0, then H’(V) # 0 by the Lefschetz 
theorem [12, III 7.21. Thus by (2.6), Hp2( Y) # 0. 
We conclude this section with another result similar to Theorem 2.2, but using the 
local Picard group of the singularity instead of algebraic DeRham cohomology. We fix 
our notation : 
(*) Let Y be the spectrum of a complete local ring B of dimension r, which is a quotient 
of a complete regular local ring A of dimension n and equicharacteristic zero. Let X = Spec A, 
let P E X be the closed point, let U = X - P, and let V = Y - P. We assume that V is a 
local complete intersection in U. 
We begin with a slight sharpening of a result of Ogus. 
~OPOSITION 2.10 (Ogus). With the hypotheses (*): 
(i) If 2r > n + 1, then Pit V has no torsion. 
(ii) If 2r > n + 2 and H’( V, 0”) = 0, then Pit V = 0. 
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Proof. Statement (ii) is just [25, 3.141. For the proof of (i), we will use the notation of 
the proof of (ii) lot. cit. With the weaker hypotheses of(i), [25, 3.121 still applies to tell us 
that H’(I?, t?,*) = 0. Then from the exact sequence (M) we have 
0 - H’( v, e,*) + HZ( I/, R) 2 H?( v, 1). 
This last is an A-module, and A contains a field of characteristic 0. In particular, it has no 
torsion as an abelian group. Hence Pit v has no torsion. 
THEOREM 2.11. With the hypotheses (*), suppose that Y is weakly locally smoothable 
in X. 
(a) If 2r > n, and HL( V, C,.) = 0, then Pit li has no torsion. 
(b) If2r>n+1,andH1(V,C,)=HZ(V,~v)=0,thenPicV=0. 
ProoJ Let A’, B’, t give a weak smoothing of Y as in the definition. Let X’ = Spec A’, 
Y’ = Spec B’, U’ = X’ - P, V’ = Y’ - P. The idea of the proof is to apply Ogus’ theorem 
to the primed situation, and then use the local Lefschetz theorems to reach a conclusion 
about V. 
We first observe that Y’ and X’ satisfy the hypotheses (*) with dimensions r + 1 and 
n + 1. The only non-trivial point is that V’ is a local complete intersection in U’, which 
follows easily from Nakayama’s lemma. 
Now consider the hypotheses of (a). Since 2r > n, we have 2(r + 1) > (n + 1) + 1, so 
(2.10)(i) applies to give Pit V’ has no torsion. 
Next, we apply the local Lefschetz theorems of Grothendieck [SGA 2, expose XI]. 
Ruling out the trivial cases r I 1, we may assume that r 2 2. But since H’( v/, fJy) = 0, we 
must have in fact r 2 3. Then by [SGA 2, X 2.11, we have the strong Lefschetz condition 
Leff (V’, V). This, and the fact that 5” - V is non-singular, imply that Pit I/’ E Pit P’, 
where h denotes formal completion alon g V [SGA 2, XI 2.1 and 3.31. On the other hand, 
Pit 3’ Z lim Pit V,, where V, is the kth infinitesimal neighborhood of l’/. Since 
H’( V, O,p 0, the maps Pit v lr+l --t Pit Vk are all injective [SGA 2, XI 1.11. Thus we can 
think of Pit V as the union of subgroups Pit V,, and Pit V’ E fi Pit V,. To show that 
k= 1 
Pit V has no torsion, let r E Pit V, c( # 0. If CL E Pit V, for all k, then CL E Pit V’ which is 
torsion-free, so no multiple of Y is 0. Otherwise, we can find a k such that u E Pit V,, but 
cz $ Pit Vk+ 1. Then we consider the exact sequence 
O-+Pic V,,, -+ Pit V, + H2( V, 0,). 
The image E E H2( V, 0,) is non-zero, and H2( V, 0,) IS an A-module, hence has no torsion. 
So no multiple of Cc is 0, hence no multiple of a is 0. This proves (a). 
To prove (b), we consider the exact sequence 
. . -+ H’( V’, Ov,) 2 H’(V’,~Y,)-‘H’(V,~v)~.... 
By the finiteness theorem [SGA 2, VIII], H’( V’, O,.) is a finitely generated B’-module. Since 
t is in the maximal ideal, and since H’( V, 0,) = 0, it follows from Nakayama’s lemma that 
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H’(v’, O,.) = 0. On the other hand, 2r > n + 1 implies 2(r + 1) > (n + 1) + 2, so (2.1O)(ii) 
applies to give Pit I/’ = 0. 
As in the proof of (a), we have Leff (I/‘, V), so we can apply [SGA 2, XI 3.121 directly 
to show that Pit v = 0. 
Example 2.12. Let W be the Veronese surface in P’, which is the generic projection 
into Ip’ of the 2-uple embedding of pz in Ip5. Let Y be the cone over Win A5. Then Y is not 
weakly smoothable in A’. If it were, then the spectrum of the completion of the local ring 
at the vertex (which we still denote by Y) would be weakly locally smoothable. In this case 
r = 3, n = 5, so 2r > n. Furthermore H’(V, ~5~) r c H’( W, O,(v)) = 0, so (2.11a) applies, 
“SZ 
and tells us that Pit V has no torsion. But in this case Pit V = Pit W/(subgroup generated 
by &J(l)) z Zj2Z. Hence Y is not smoothable. 
Example 2.13. Let Y c A6 be the cone over Pi x [P’ c p5, as in example (2.8) above. 
We give another proof that Y is not smoothable. In this case r = 4, n = 6, so 2r > n + 1. 
Also we have H’(O,) = H2(oy) = 0, so (2.1 lb) applies, and tells us that Pit V = 0. But 
Pit V in this case is Z, so Y cannot be smoothable. 
$3. SillOOTHING TO .A TOPOLOGICAL MANIFOLD 
In this section we consider the question, given a complex analytic space Y in @“, can 
one express it is a limit of a smooth family of smooth (Cz) manifolds? To be more precise, 
assume that Y has an isolated singularity at P. 
Definition. We say that Y is topologically smoothable at P if for each E > 0 it is possible 
to find a smooth manifold Y, such that Y = Y, outside of a closed ball B of radius E around 
P, and such that Y, n B is a compact manifold with boundary equal to Y n dB. 
We will prove a result of Thorn (unpublished) which says that the cone over ip’ x P2 
in P5 is not topologically smoothable. The following method of proof was communicated to 
me by Dennis Sullivan. 
To state the main result, we need some notation. If E is a (complex) vector bundle on 
a complex manifold V, we denote by ci(E) E H”( V, Z) its ith Chern class. If I = (iI, . . . , i,) 
is a multi-index, we denote by c,(E) the product 
c,(E)‘l . . . . c,(E)‘~. 
If V is a variety in projective space [Fp”, we denote by deg c,(E) the integer obtained as the 
image j,(c,(E)) E H2irl+‘p(P”, Z), which is identified with Z (provided 2111 + 2p I 2n). 
Here 111 is the “weight ” of 1, equal to ii + 2iz + . . + ri,; p is the (complex) codimension 
of V in P”; andj : V + P” is the inclusion map. 
THEOREM 3.1 (Sullivan). Let V be an r-dimensional complex submanifold of ?C”. Let 
Y G @“+l be the cone over V. If Y is weakly smoothable (algebraically, as in $1) then for the 
normal bundle N of V in jrp”, we have 
deg c,(N) . deg c,(N) = deg c,+,(N) . deg V 
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us integers, provided II+ J/ _< 2r - n f 1. If Y is topologicaliy smoothable, then the same 
equation is true (mod 2). 
Proof. First suppose that Y is weakly smoothable. Take a nearby smooth variety Y’ 
in the family, and complete it at infinity to obtain a projective variety, still denoted by Y’ 
in p”+l. Y’ is non-singular in all of PC1 since Y’ n P” is a small deformation of I/. Let 
N’ be the normal bundle to Y’ in P”‘l. Letj: Y’ -+ Pi1 be the inclusion map. We wiii use 
the well-known formula i*(x) -j,(y) =i+(xy) +j,( 1 y’) for any two cohomology classes 
x, y on Y’. For any pair of m&i-indices 1, J, we find that 
j*c,(N’) .j* CAN’) ==j*(C,,,(~V .j*(l Y,)? 
the equality taking place in the (21 I + Jf + 4(n - 4))th cohomology group of Pp”+l. If we 
require that 
2jlfJf +4(n-r)lZ(n+ 1) 
i.e. 1 I -I- fl 5 2r - n + 1, then this cohomology group is Z, and we have an equation among 
integers, namely 
deg c,(N’) . deg c,(N’) = deg c,+,fN’) + deg Y’. 
Since the normal bundle of Y’ in Pnfl restricts to the normal bundle of Y’ n P” in P”, and 
since Y’ n P” is a small deformation of Y, we have deg c,(N’) = deg c,(N) for any I, and 
deg Y’ = deg V. Thus we obtain our result. 
Now suppose that Y is topologically smoothable. Taking Y’ to be the closure of any 
of the YE in P”+‘, we have a situation similar to the above, except that now Y’ is only a 
smooth manifold, and Y’ n P” = V. We no longer have Chern classes for the normal 
bundle N’ of Y’ in Pii, but we can talk about the Stiefel-Whitney classes w,(N’) E 
H’( Y’, H/ZZ). The same argument shows that 
deg w,(N) . deg w,(P) = deg w,,,(N’) ’ deg Y’ (mod 2), 
provided that 21 Z-t J[ < 2r - n -t- 1. The normal bundle of Y’ restricts to the normal 
bundle IV of V, so these degrees can be calculated on k’,. For i odd, w{(N) = 0, and for i 
even, say i = 2j, w,(N) = cj(N) (mod 2). Thus we have the same equation (mod 2). 
Exampk 3.2 (Thorn). Let Y be the Segre embedding of P’ x P” in P5, as in (2.8) 
above. Then the cone over V which is a variety Yin C6, is not topologi~ally smoothable. 
We apply the theorem with I= J = 1 so that 2 5 2. 3 - 5 -i- 1 as required. If Y were 
smoothable, we would have 
(deg c,(N))’ = deg c,*(N) - deg V. 
Now we compute. The cohomology ring of I/ is Z[x, JJ]/(x”, r3), where x is the class of 
(point) x P’, and y is the class of iP’ x (line). Thus x, y are both in Hz( I’), and deg x = 1, 
deg F = 2. We will also need to know that deg xy = 1 (since it is represented by (point) 
x (line)), and deg y2 = 1 (since it is represented by P’ x (point)). 
Let O,( 1) be the hyperplane bundle. Then c,(OV( 1)) = x i- I’. We have an exact sequence 
O+Ty+TP~y+iV-+O, 
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where T denotes tangent bundle. Hence 
We have cI(TPly) = 6c,(B,(l)) = 6x + 6y. On the other hand c,(T,) = 2x + 3y, so we find 
that cl(N) = 4x + 3y, and SO deg c,(N) = 10. NOW C,(iV)' = 24ry + 9y’, so deg c,(N)’ = 33. 
Finally, note that deg li = 3. Since 100 f 99 even (mod 2). we conclude that Y is not 
topologically smoothable. 
The same method shows that the cone over P’ x P’ in P”+’ is not weakly smoothable, 
for r 2 2, and not topologically smoothable if furthermore r is even. 
Example 3.3. For another example of this method. let v = Grass ( 1.4) be the Grassman 
variety of projective lines in P”. Then V has dimension 6, and has a natural embedding in 
Pg. In this case we apply the theorem to the second Chern class of N. Since 4 s 2 6 - 9 + 1, 
if the cone over v were topologically smoothable, we would have 
(deg c2(N))’ = deg c?(N)’ deg T/ (mod 2) 
We will show that this is not so, hence the cone over V is not topologically smoothable. 
Let E be the canonical bundle of rank 2 on T/, and let c,(E) = x, c2(E) = y. Then the 
cohomology ring of V is generated by x and y in dimension 2 and 4, respectively. The 
canonical embedding of V in P9 is such that x is the class of a hyperplane section. v has 
degree 5, and so the degrees of x, x2, x3, x4, x5 are all 5. The class y is represented by a 
Grass (1, 3), which is a quadric hypersurface in P5, SO deg J = 2. The class y’ is represented 
by a plane, so has degree 1. 
To calculate the Chern classes of N, we use the exact sequence 
0+F+0,5+E+0 
and the fact that the tangent bundle TV z Hom(F, E). Also we use the exact sequence 
O+Tv-tTP~,-,N+O. 
Since 
c,(T,l,) = (1 + xt)“, 
we have enough information to calculate the Chern classes of N. We find that c,(N) = 5x, 
c*(N) = 9x2 - y. Hence deg c2(N) = 43, and deg c,(N)~ = deg(81xs - 18x’y + y2) = 370. 
Now 432 = 1849 # 1850 = 370. 5 even (mod 2). So we deduce that the cone over I’ is 
not topologically smoothable. 
Note that we could apply the method of (2.6) above to show that the cone over V is 
not weakly smoothable, because in this case H4( V) = k 0 k. 
Remark 3.4. When Visa surface in P4, Theorem 3. I tells us nothing. In fact, E. Thomas 
has shown that the cone over any non-singular algebraic surface in P4 is topologically 
smoothable (his reason being that n,(MU(2)) = 0). Thus the surfaces described in (2.7) 
and (2.12) above give examples of singularities which are topologically smoothable but are 
not weakly smoothable algebraically. 
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